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There are two themes in the present paper. The first one is spelled out in 
the title, and is inspired by an attempt to find an analogue of Hersch-Yang- 
Yau estimate for Ai of surfaces in symplectic category. In particular we prove 
that every split symplectic manifold T"' x M admits a compatible Riemannian 
metric whose first eigenvalue is arbitrary large. On the other hand for Kahler 
metrics compatible with a given integral symplectic form an upper bound for Ai 
does exist. The second theme is the study of Hamiltonian symplectic fibrations 
over S"^. We construct a numerical invariant called the size of a fibration which 
arises as the solution of certain variational problems closely related to Hofer's 
geometry, K-area and coupling. In some examples it can be computed with the 
use of Gromov-Witten invariants. The link between these two themes is given 
by an observation that the first eigenvalue of a Riemannian metric compatible 
with a symplectic fibration admits a universal upper bound in terms of the size. 

1. Introduction and main results 

1.1 Motivation and an overview 

Let M be a smooth closed manifold endowed with some "geometric" struc- 
ture. In many cases this structure determines in a canonical way a class TZ of 
Riemannian metrics on M. Traditionally, one asks the following 

Question. Does there exist a universal upper bound Xi{M,g) < C for all 

gem 

Here and below we write Xi{M,g) for the first positive eigenvalue of the 
Laplacian of {M,g) acting on functions. Let us give several examples. 

1.1. A Topology{no additional structure on M). Here TZ is the class of all 
metrics on M whose sectional curvatures at each point belong to [—1; 1]. In this 
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case existence of such a universal bound leads to some non-trivial topological 
restrictions on M (Wu [W], 1995). 

1.1. B Surfaces endowed with an area form. Let TZ be the class of all metrics 
on an orientable closed surface M with a given area form. Then for all 5 e 7^ 
holds 

^ ^' - Area(M) 

This was proved by Hersch [He], 1970 for M = S"^ and by Yang and Yau [Y-Y], 
1980 for surfaces of higher genus. 

The beauty of this result inspired many attempts to find its multi-dimensional 
analogue (see Gromov [Gl], 1993 for a stimulating discussion). The diSiculty 
here is to recognize "to which category" belongs this estimate. Indeed, in dimen- 
sion 2 one cannot distinguish between a volume form and a symploctic structure, 
and between Riemannian and Kahler geometry. Some important developments 
in this direction are reflected in the next two examples. 

l.l.C Higher- dimensional manifolds endowed with a volume form. Let TZ be 
the class of all Riemannian metrics on M with a given volume form. In 1993 
Colbois and Dodziuk [C-D] proved that sup^g^ Ai (M, g) = 00 for every M of 
dimension > 3. 

1.1. D Complex manifolds with a distinguished cohomology class. Let TZ be 
the class of all Kahler metrics on a complex manifold M whose Kahler form 
represents a given cohomology class. In various interesting cases a universal 
upper bound for Xi{M,g), g € TZ exists and is related to algebraic-geometric 
properties of M. This was discovered by Li and Yau [L-Y] in 1982, and by 
Bourguignon, Li and Yau [B-L-Y] in 1994 (see 1.2, 1.5 and 4.1 below for more 
detailes). 

In the present paper we study non-existence/existence of universal upper 
bounds for Ai in the symploctic context, which is a natural generalization of an 
area form on a oriented surface. We fix a closed symplectic manifold (M, and 
consider certain classes TZ of compatible Riemannian metrics, that is metrics g 
of the form 

,9(^7,) = 0(^,777), ^,v&TM, 

where J is an almost complex structure on M. 

At the beginning we focus on two cases: TZ consists of all compatible met- 
rics, and TZ consists of Kahler compatible nicitrics (that is metrics associated 
to integrable J's). In a number of examples we establish "fiexibility" (that is 
supAi = 00) in the first case (see 1.2. A below) vs. "rigidity" (supAi < 00) in 
the second one (see 1.2.B below). Let us mention that our point of view on the 
Kahler case is different from one in 1.1. D: we fix Q and vary J, while in 1.1. D 
the complex structure J is fixed and the compatible symplectic form fl varies 
in a given cohomology class. 
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However, this is not the end of the story. It turns out that there exists an 
intermediate (with respect to "degree of integarbihty" of J's) category where 
in many situations an upper bound for the first eigenvalue docs exist, namely 
symplectic fibrations over endowed with a class of Riemannian metrics which 
satisfy a natural compatibility condition (see 1.4 and 1.5 below). Our upper 
bound for Ai of a symplectic fibration turns out to be related to such objects 
of Symplectic Topology as Hofer's metric, K-area and coupling (see 1.9 below). 
In this aspect the present research continues the study of "hard" numerical 
invariants of symplectic fibrations initiated in [P1-P3]. 

1.2 Xi for a symplectic manifold 

Let {M,rt) be a symplectic manifold. Set Ai(M, il) = sup^ Ai(M, g), where 
g runs over all compatible metrics. As we have seen in 1.1. B the quantity 
Ai(M, f2) is finite when M is a closed surface. Our first result states that at 
least after suitable stabilization this property disappears and hence the situation 
becomes flexible as in l.l.C. 

More precisely, consider the 4-torus = R^/Z* endowed with the standard 
symplectic form a = dpi A dqi + dp2 A dq2, where {pi, qi,P2, 92) are coordinates 
on R4. 

Theorem 1.2. A. Let (M, f2) be a closed symplectic manifold. Then 

Ai(T'* X M,CT©fi) = 00. 

Notice that this result remains true when M is a point. The proof which is 
given in section 2 below is based on the construction of an auxiliary hypoelliptic 
operator in the spirit of [B-B]. It would be interesting to understand to which 
extent the stabilization is important. 

The situation changes drastically when one considers a smaller class of 
Kahler metrics whose Kahler class equals to SI. 

Theorem I.2.B. Let (M, Ci) be a closed symplectic manifold of real dimension 
2n such that the cohomology class of $7 is integral: [fl] £ if^(M, Z). Then for 
every compatible KUhler metric g on M holds 

, X / „ (ci(TM)u[nr-\\M]), 

Xi{M,g) < constant(n + 2 - {[n]-,[M]) 
where the constant depends only on n. 

The proof which is a simple combination of two known results goes as follows. 
Given a Kahler projective manifold, one can estimate Ai in terms of its degree [B- 
L-Y]. On the other hand, there exists an upper bound for the projective degree of 
an integral Kahler manifold in purely cohomological terms. This bound which 
can be considered as an effective version of the classical Kodaira embedding 
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theorem was estabhshed by Demailly [De] . The details of this argument can be 
found in section 4. 

Remark 1.2.C Clearly, 1.2.B automatically implies an upper bound for 
symplectic manifolds whose symplectic form represents a rational cohomology 
class, that is [fi\ S j^H'^{M,Z), where N is an integer. However this upper 
bound goes to infinity with N. Therefore the approximation argument does not 
work, and the situation in the case when [fi] is irrational remains completely 
unclear even for simplest manifolds (for instance for the 4-dimensional torus). 

1.3 Symplectic fibrations over 

Let (M, O) be a closed symplectic manifold. A fibration p : P ^ S"^ with 
fiber M over an oriented 2-sphcrc is called symplectic if each fiber p~^{x) is 
endowed with a symplectic form which depends smoothly on the base point 
X, and is symplectomorphic to O. Such fibrations which were introduced in 
[G-L-S] appear in various problems of Symplectic Topology, in particular in 
the study of loops on the group of symplectomorphisms. We are going now to 
explain this link in more details. 

Let {ft}, i £ S*^, /o = /i = 1 be a loop of symplectic diffcomorphisms of 
(M, ft) which represents an element 7 S tti (Symp(Af, il), 1). Let and Z)_ be 
two copies of the disc bounded by S*^ . Consider a map : M x ^ M x 
given by {z,t) {ftz,t). Define now a new manifold 

P(7) = (M X D-) U* (M X D+). 

It is clear that P^ has the canonical structure of a symplectic fibration over S"^ 
which depends only on the element 7. In what follows we assume that the base 
S'^ is oriented, and the orientation comes from D+ . Note that the choice of an 
orientation on S'^ is equivalent to the choice of an orientation on P. 

Clearly, this construction can be reversed. Namely, given a symplectic fi- 
bration p : P ^ S'^ over an oriented 2-sphcrc with the fiber (M, il), one can 
reconstruct the corresponding element 7 € 7ri(Symp(M, fi)) up to conjugation. 
For that purpose, fix a point, say x, on and consider a loop a{s), s € 5^ in 
the space LS^ of all loops on S"^ based at x. Assume that a{0) is the constant 
loop, and that a represents a positive generator in 7ri(LS'^) = 772(6'^) (here we 
use the choice of an orientation on S^). Choose a symplectic connection on P 
(we refer the reader to [G-L-S] , [McD-S] for basic notions of the theory of sym- 
plectic connections). Then the holonomies of this connections over loops a{s) 
form a loop in the group of symplectomorphisms of the fiber P^ over x, which 
defines the needed element 7. 

Throughout this paper, we restrict our attention to the subgroup 

Ham(M, fl) C Symp(M, Q) 

of all Hamiltonian diffcomorphisms of (M, f2). In particular we consider only 
Hamiltonian loops and corresponding symplectic fibrations, which we call Hamil- 
tonian symplectic fibrations. Hamiltonian fibrations can be characterized by the 
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fact that there exists a cohomology class on the total space whose restriction 
to fibers coincides with the class of the symplectic form (see [Se]) . Notice that 
the difference between "symplectic" and " Hamiltonian" disappears when the 
manifold M is simply connected. 

1.4 Ai of a symplectic jihration over S"^ 

Let p : P — » S*^ be a Hamiltonian symplectic fibration. A pair {(jJ,j) con- 
sisting of a symplectic form a; on P and an almost complex structure j on P is 
called a compatible quasi-Kdhler structure if the following holds: 

(i) The form oj{(,,jri) , ^, ry € TP is a Riemannian metric on P; 

(ii) The restriction of u) to fibers coincides with the symplectic structure on 
fibers; 

(iii) The projection p is (j, i)-holomorphic for some complex structure i on 
S'^ which respects the orientation. 

We say that a Riemannian metric g on P is compatible if it comes from a 
compatible quasi-Kahler structure. 

A natural way to construct compatible quasi-Kahler structures on P is as 
follows. Fix a field Jx, x € oi almost complex structures on the fibers of P 
which are compatible with symplectic forms on the fibers. Pick up a complex 
structure i on S^. Let w be a symplectic form on P which extends symplectic 
structures on the fibers and defines the positive orientation on P. The field 
of oj-orthogonal subspaces to the fibers defines a connection on P, that is a 
splitting T(^x,z)P = TzPx © T^S"^ where x G S"^, Px is a fiber over x and z G Px- 
Consider an almost complex structure j = Jx ® i on P. Clearly, {uj,j) satisfies 
(i) - (iii) above. 

Now we are ready to define a spectral invariant of a symplectic fibration. 
Namely, set 

Ai(P) =supAi(P,5), 
g 

where the supremum is taken over all compatible Riemannian metrics on P. 

It turns out that in some interesting examples this quantity is finite. Con- 
sider for instance the case (M, Vt) = (CP""\ 17st), where fl,t is the Fubini-Study 
form normalized in such a way that the integral over a projective line equals to 1. 
Let 7g,„ e 7ri(Ham(CP"~^, r^st)) be the element represented by the S'^-action 

fq,n ■ [zi : ... : Zn) ^ (e^'^'*^! : ... : e^'^'^^Zg : Zq+i : ... : Zn), 

where q e {1, n — 1}. Let Pg,„ be the corresponding symplectic fibration. 
Theorem 1.4. A. The following inequality holds: 

Ai P,,n < . 

n — a 
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Moreover, this estimate is stable in the foUowing sense. Let (T", a) be the 
standard symplectic 4-torus as in 1.2. Take the product Pg,„ = x Pq^n which 
we consider as a symplectic fibration over 5^ with the fiber 

(T4xCP"-\aeQ,t). 

Theorem 1.4. A'. The following inequality holds: 

n — q 

The proof of both estimates is given in 1.9 below. It seems to be a difficult 
problem to compute this invariant even in simple examples. Consider for in- 
stance the simplest case of the trivial symplectic fibration with the fiber (M, Q), 
that is Ptriviai = M X . Clearly, in this situation we can consider split com- 
patible metrics, and making the area of the base S"^ arbitrarily small we get 
that 

Ai(Ptri.ia;) > Ai(M,f2). 

Applying results of 1.2 we see that Ai is infinite for trivial fibrations with a 
stabilized fiber of the form T'' x M. Comparing this with 1.4. A' above we come 
to the following conclusion: 

invariant Ai(P) distinguishes the trivial fibration with the fiber x CP"~"^ 
from the non-trivial fibrations Pq,n- 

Without stabilization we are able to prove the same statement under an addi- 
tional assumption that n > 4 and q < n — 3. Indeed, write Ptriviai for the trivial 
symplectic fibration with the fiber CP"~^. Arguing as above we see that 

>^i{Ptriviai) > Ai(CP"-SFubini - Studi) = 47rn. 

On the other hand, applying 1.4. A we get that 

Al(Pg,„) < < 4?™ < Xl{Ptrivial), 

and hence our spectral invariant distinguishes Pg,„ from the trivial fibration. 

Remark I.4.B. It is instructive to compare 1.4. A, A' above with the results 
of 1.2. As we have seen in 1.2.B the integrability of a compatible almost com- 
plex structure imposes a global restriction on the geometry, namely it prevents 
the first eigenvalue from being arbitary large. The almost complex structures 
considered in the present section are "integrable in one direction", namely by 
definition they admit a holomorphic mapping to CP^ The message of theo- 
rems 1.4. A, A' above (and of the more general statement 1.5.B below) is that 
this small amount of integrability is still sufficient for the global geometric re- 
striction of the same nature. However theorem 1.2. A shows that it disappears 
if one considers general non-integrable almost complex structures. 
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1.5 The Li-Yau estimate revisited. 

The first step towards getting an upper bound for Ai(P) is the following 

minor generalization of a theorem by Li and Yau [L-Y]. Let {iiJ^j) be a compati- 
ble quasi-Kahler structure on a Hamiltonian symplectic fibration P with a fiber 
(M, fi), and let g be the corresponding Riemannian metric. Set 

_ Volume(M, n) 
~ Volume(P,a;) ' 

Then \i{P,g) < %-ks{uj). The proof of this inequality goes exactly as in [L- 
Y, Theorem 3] (let us mention that our normalization conventions are slightly 
different from the ones in [L-Y]). Note that in our situation j is not assumed to 
be integrable on the fibers, however this does not play any role. 

Definition 1.5. A Let P ^ 5^ be a Hamiltonian symplectic fibration. Define 
its size as follows: 

sizc(P) — sups(u;), 

where cj runs over all symplectic forms on P which extend the symplectic struc- 
tures on the fibers and define the positive orientation. 

With this language our previous discussion leads to the next statement. 

Theorem I.5.B. The following inequality holds: 

Ai(P) < 87rsize(P). 

Now we face the following purely symplectic question. Given a symplec- 
tic fibration, is its size finite ? It turns out that size(P) admits three other 
equivalent definitions in more familiar terms. Namely, one can describe it using 
Hofer's geometry, K-area and coupling (see 1.9. A below). Having in mind this 
description, we get the finitness of the size (and in fact compute it explicitely) 
in a number of examples using results of [PI]. 

1.6 Hofer's geometry 

Given a path {/(} in Ham(M, O) {t G [0; 1]), define its length as follows. Let 
P : M X S*^ R be the associated Hamiltonian function normalized so that the 
mean value of Ft over M vanishes for all t E S^. Then length{/t} = maxjPj. 
With this language the distance between two Hamiltonian diffeomorphisms is 
just the minimal possible length of a path between them (see [H-Z], [McD-S] 
for an introduction to Hofer's geometry). One can show that this distance, 
which was called coarse Hofer's distance in [PI], in fact coincides with the one 
associated to the "maximum of the absolute value" norm on the Lie algebra of 
all normalized Hamiltonian functions. 

In the present paper, we deal mainly not with the Hofer's length itself, but 
with its positive and negative parts (see [E-P, 4.4]). Namely set length_,_{/t} = 
maxP and length_{/t} = — minP. 
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For an element 7 € tti (Ham) define its norm as 



= inf length{/t}, 

where the infimum is taken over all loops {/j} with /o = /i = 1 representing 7. 
Define also its positive and negative parts as 

||7||+ = inf length+{/t}, 

and 

||7||_=inf length_{/t}. 

Clearly, ||7|| > max(||7|| + , ||7||„). Interestingly enough, in all known ex- 
amples in fact the equality take place, however we cannot prove this in general 
situation. 

Note also that ||7||- = ||7~^||+ (see 1.7.A below for further discussion about 
this duality). 

1. 7 K-area of symplectic fibrations 

Let p : P he a, Hamiltonian symplectic fibration with fiber (M, il). 

A connection on P is called symplectic if the parallel transport preserves 
symplectic forms on fibers. The curvature p'^ of is a 2-form on the base which 
take values in the Lie algebra of the group of symplectic diflFeomorphisms of a 
fiber, that is in the space of locally Hamiltonian vector fields. A symplectic 
connection is called Hamiltonian if its curvature takes values in Hamiltonian 
vector fields. In this case we make a natural identification and consider p''{^, rj) 
as a Hamiltonian function on the fiber with zero mean value. We call such 
Hamiltonian functions normalized. It is not hard to show that a symplectic 
fibration is Hamiltonian in the sense of 1.3 if and only if it admits a Hamiltonian 
symplectic connection. 

Given an area form, say r on 5^, one can write p" = L^t, where L" is a 
function on P. 

Fix an area form r on S'^ of the total area 1 which respects the orientation 
(recall, that 5^ is always assumed to be oriented). Define the K-area of P as 
follows ([PI], cf. [G3]): 

X{P) = sup ^ 



maxp \L^\ 

where the supremum is taken over all Hamiltonian symplectic connections v on 
P. Notice that the definition in [PI] contained an additional multiple 

In what follows we shall consider also positive and negative parts of the K- 
area: 

X+{P) =sup 

V maxp L" 
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and 



X-(-P) = sup 



1 



— minp 



Note that x{P) < min(x_(F), x+(P)), and in all known examples in fact 
the equality holds. Note also that all three quantities do not depend on the 
specific choice of the area form r. 

Remark 1.7. A (Duality). Let P ^ S"^ be a Hamiltonian symplectic fi- 

bration over an oriented 2-sphcrc associated to an clement 7 £ 7ri(Ham(M, VL)). 
Change the orientation of the base S'^ and denote the new object by P*. Clearly 
P* as a Hamiltonian symplectic fibration over the oriented 2-sphere is associated 
with the element 7"^. Note that the following identity holds: X-(^) = X+(^*)- 

1.8 Coupling 

Let p : P ^ 5^ be a symplectic fibration associated to an element 7 e 
7ri(Ham(M, f2)). Denote by a the positive generator of if^(S'^,Z). Let c G 
fl'^(P, R) be the imique class whose restriction on fibers coincides with [fi] and 
whose top power vanishes. Following [G-L-S] we call c the coupling class of P. 

The weak coupling construction [G-L-S] prescribes that for a sufficiently small 
e > there exists a a smooth family of closed 2-forms {wt}, t € [0; e) on P with 
the following properties: 

(i) Wo is the lift of an area form on 5^ (the total area equals to 1); 

{n)[ujL] =tc+ [p*a]-, 

(iii) the restriction of cot to each fiber of P coincides with a multiple of the 
symplectic form on the fiber; 

(iv) LJt is symplectic for t > 0. 

Following [PI], define e(P) as the supremum of all such e (this invariant 
measures how strong the weak coupling can be). 

1.9 On the size of a symplectic fibration 

Now we are ready to state our main result on the size of a symplectic fibra- 
tion. 

Theorem 1.9. A. Let P ^ be a symplectic fibration associated to an ele- 
ment 7 e 7ri(Ham(M, fl)). The following identity holds: 



The proof is given in section 3 below. 

Remark 1.9.B We will prove also that x{P) — (see 3.1.B; note that the 
inequalities x(P) > and x{P) < ^(P) were proved in [PI]). This identity 
in a sense reflects a priniciple of the Yang-Mills theory that the critical values 
of the Yang-Mills functional on a given G-bundle over S"^ correspond to the 
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lengths of closed geodesies on the Lie group G, see [A-B],[Gra]. Our proof in 
3.3 is somewhat similar to the argument in [Gra]. 

Clearly, the size of the trivial fibration is infinite. The general phylosophy of 
Hofer's geometry suggests that ||7||+ is strictly positive for non-trivial elements 
7, and hence one can hope that non-trivial symplectic fibrations has finite size. 
In a number of situations this was confirmed in [PI] , [P2] with the use of Gromov- 
Witten invariants. In particular, one can use these results in order to prove 1.4. A 
and 1.4.A'. 

Proof of 1.4. A and 1.4. A': We use notations of 1.4. It was shown in [PI] 
that e(fg,n) = Moreover, the argument of [PI] remains valid under stabi- 
lization, thus e(Pg,„) = Thus 1.9. A implies that 

~ 71 

size(Pg,„) = sizc{Pq,n) = ^J77^- 
The desired statements follow immediately from I.5.B. □ 

The rest of the paper is organized as follows. In section 2 wc prove Theorem 
1.2. A, in section 3 we prove Theorem 1.9. A, and in section 4 we prove Theorem 
I.2.B. 

2. Collapsing symplectic manifolds 

In this section we prove theorem 1.2. A (sec 2.2 below). 
2.1 A deformation of an almost complex structure. 

Recall that a finite set of vector fields on a manifold M satisfies Hormander 

condition if these fields together with their iterated brackets generate TM at 
every point. A distribution (that is a field of tangent subspaces) on M satisfies 
Hormander condition if locally it can be generated by such vector fields. 

Theorem 2.1. A. Let (M, fl) be a closed symplectic manifold which admits an 
isotropic distribution satisfying Hormander condition. Then Ai(M, Cl) = oo. 

Proof: Let J be an arbitrary compatible almost complex structure on M. De- 
note by g the corresponding Riemannian metric. Let L be an isotropic distribu- 
tion which satisfies Hormander condition. Consider the following (^-orthogonal 
decomposition: 

TM = L®JL®V. 

Define a family of compatible almost complex structures Jt on M as follows: 
Jt = t~^J on L, Jt = tJ on JL, and Jt = J on V. Notice that this deformation 
somewhat reminds the Teichmiiller deformation on surfaces. 

Let gt = t~^g (B tg (B g he the Riemannian metric associated with Jt. It 
suffices to show that Xi{M,gt) goes to infinity when t ^ oo. 
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In order to prove this, choose vector fields Xi, ...,Xm which are tangent to 
L and satisfy Hormander condition. Denote by Dj the Lie derivative along Xj , 
and by D* its L^-adjoint. (The L^- scalar product on functions is associated 
to the canonical volume form on M). Set D = Ti^^iD'^ Dj. The Hormander 
theory [H] implies that D has a discrete spectrum. Moreover, all eigenvalues 
arc non-negative, and the zero cigcnspacc consists of constant functions only. 

Let H be the space of smooth functions on M with the zero mean. The 
previous discussion implies that {Df, /) > C(/, /) for some positive constant C 
and all f E H. Denote by ] |( and Vt the length on vectors and the gradient 
in the sense of the metric gt respectively. Choose a constant K > such that 
g{Xj,Xj) < K a.t every point for all j = 1, N. Then 

iDf,f) = i:f^J cAAol < Ef^, /' |VJ|?|X,|2ciVol 

Jm Jm 

< NKt-^ [ \Vtf\tdVo\. 
Thus for some positive constant Ci and for every f £ H holds 

/ \Vtf\^tdVol > C,t [ fdVol. 

Jm Jm 

Therefore Xi{M,gt) — > oo when t — > cx). This completes the proof. □ 

Remark 2.I.B. The idea of a collapse to a non-intcgrable distribution was 
extensively discussed in the literature on the first eigenvalue, see e.g. [B- 
B],[Fu],[Ge]. 

2.2 How to construct "generic" isotropic distributions? 
In general, existence of an isotropic distribution imposes topological restric- 
tions on M . However this difficulty disappears after stabilization. 

Proposition 2. 2. A. Let (M, f2) be a closed symplectic manifold. Then the 
stabilized manifold P = (T^ x M, cr ® O) admits a field of isotropic 2-planes 
which satisfies Hormander condition. 

Proof of 1.2. A: The theorem follows immediately from 2.1. A and 2. 2. A. □ 

Proof of 2. 2. A: Clearly P admits a 2-dimensional isotropic foliation. A discus- 
sion in [G2] suggests that its generic perturbation satisfies Hormander condition. 
We will use an explicit argument. 

1) Let fc be a positive integer. Consider 2k functions 0i(s), 02fe(s) defined 
as follows: (f)2j-i{s) = sin js and (t>2j{s) = cos js. Denote by (j!)^'^ the i-th 
derivative of a function ^. We claim that at every point s the 2k x 2k matrix 
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is invertible. This is so since our functions form a basis of solutions of a 
2k-th order differential equation 

2) Let {pi, qi,P2, 12) be coordinates on such that the standard symplectic 
form is written as dpi A dqi + dp2 A dq2- Define an auxiliary set of vector fields 
Zj on P as follows. Set Zi = and Z2 = Let ^3, Z2k be vector fields 
on M which span TM at every point (here fc is as large as needed) . Finally, set 

^ 9 . a 

= 1- smgi-— , 

aq\ ap2 

and 

Clearly X\ and X2 generate an isotropic distribution on P. Let us verify 
that it satisfies Hormander condition. For that purpose denote D = \X\ , .] . 
Then 

D"^X2^Y.%i<i>Y\qi)Z,. 
It follows from the step 1 of the proof that the span of vector fields 

DX2,...,D'^^X2 

at each point contains vector fields Z2k- Therefore together with X\ and 

X2 these fields generate the whole TP. This completes the proof. □ 



3. K-area, coupling and Hofer's norm 

3.1 Two propositions 

Let p : P — > 5^ be a Hamiltonian symplectic fibration with the fiber (M, Ct). 
Theorem 1.9. A splits to the following two statements. 

Proposition 3.1. A. The following identity holds: X+{P) = size(P) = e(P). 

Proposition 3.I.B. Suppose that the fibration P is associated to an element 
7 G 7ri(Ham(M, ri)). Then the following identities hold: X+(P) = | |^"| | _^ , and 

X{P) = ^. 

The proofs are given in 3.2 and 3.3 respectively. 
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3.2 The coupling form 

Let n be the complex dimension of P. Recall [G-L-S],[McD-S] that the 

coupling form 5^ of a Hamiltonian symplcctic connection v is the unique closed 
2-form on P whose restriction to each fiber coincides with the symplectic form, 
which defines the connection v and such that the image of its top power under 
the fiber integration map vanishes. Here the fiber integration is a map, say FI 
which maps 2n-forms on P to 2-forms on as follows: 

where ^, rj are tangent vectors to at a point x, and 5, ry denote their (horison- 
tal) lifts to the points of the fiber Px over x. 

It is proved in [G-L-S],[McD-S] that for all z € Px the coupling form can be 
written a,s 6" = fl® -p'^{z), where TP = TPx © TS'^ is the splitting associated 
to the connection and p'^{z) means the evaluation of the curvature form at 
the point z (remember that is a function- valued form). Let us mention also, 
that this formula is cited in [PI, proof of 1.6.B] with the opposite sign at p"^. 

The sign convention. The Hamiltonian vector field X generated by a Hamil- 
tonian function on M is given by dH = —ix^- 

Denote by a the positive generator of H'^{S^,Z). The proof of 3.1.A,B is 
based on the following simple fact. 

Lemma 3. 2. A. Let u be a symplectic form on P whose restriction to fibers 
coincides with a a multiple of the symplectic form and whose cohomology class 

equals to p*a + uc for some u > 0. Let v be the symplcctic connection defined 
by LO-orthogonal complements to the fibers. Then u — uS" = p*T, where r is an 
area form on 5^ with the total area 1 . 

Proof: Set r = nu"~^ f2"~^, and define a 2-form r on S'^ by 

T = -F/fw"). 

r 

Notice that the image of every volume form, say /? on P under the fiber integra- 
tion is always an area form on S^. Indeed for each positive frame {^,r]) on 
the form i{S^ Afj)f3 does not vanishes on the tangent space to the corresponding 
fiber. Thus r is an area form. 

It easily follows from the definition of FI above that F7((a; — p*t)") = 0. In 
particular (p*a + Mc— p*[t])" = 0, thus the total area of r equals to 1. Moreover, 
the form u~^{ui — p*t) satisfies the definition of the coupling form of v. This 
completes the proof. □ 
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Proof of 3.1.A: 

1) Let a; be an arbitrary symplectic form on P which extends symplectic 

structures on the fibers and defines the positive orientation. Then [uj] = up*a + c 
for some u > 0. Write u~^(jJ = p*T + u~^6'' , where the area form r and the 
connection are defined in 3. 2. A. Decompose 6" as SI® —L^t. Then u~^w = 
f2 © (1 — u~^L'^)t. Since this form is symplectic, we get that 



maxL"^ 

Note now that s{co) = u~^. Therefore x+(-P) > size(P). 

2) Take an arbitrary deformation of symplectic forms satisfying (i) - (iv) 
of 1.8 , and take one of these forms uJu- Set lu = vr^uiu- Then lu bck^ngs to 
the class of symplectic forms which is used for the definition of the size. Since 
[w] = c + u~^p*a we compute that Vol(P, w) = u~^Vol(M, O), thus s{w) = u. 
Taking u arbitrarily close to e(P) we conclude that size(P) > e{P). 

3) Let be a Hamiltonian symplectic connection on P. Assume that for some 
area form t of the total area 1 holds — ^-^r; — r. Writing 6" = SI® —L^t we 
see that the deformation u5^ + r satisfies the conditions (i)-(iv) of 1.8 provided 
u < r. Hence e(P) > r, and taking r arbitrarily close to x+{P) g^t the 
estimate e{P) > x+(P). Together with the results of the previous steps this 
completes the proof. □ 

3.3 Computing holonomy of a symplectic connection 

Here we prove 3. I.E. The inequahty x(P) > was proved in [PI]. Exactly 
the same argument gives that x+{P) ^ J\j^' (One should be careful with the 
sign conventions at this point! ) 

So it remains to prove the opposite inequalities. In what follows we will 
represent the 2-sphere as the unite square 

K = {{x,y)\0<x<l,0<y<l} 

whose all boundary points are identified. We consider Hamiltonian symplectic 
fibrations over K trivialized over the boundary, and Hamiltonian symplectic 
connections with trivial parallel transport along every segment of the boundary. 
Let P be such a fibration, and v be such a connection on P. We write M for 
the fiber over the boundary. 

Fix an area form t = dx A dy on K. Assume that the curvature of v is given 
by L{x, y, z)t, where {x, y) G K and z belongs to the fiber over {x, y). 

Consider a family of paths on K given in [x, y)-coordinates by a{s) = 
{{s,t)\t e [0; 1]}, where s G [0; 1]. Note that {a(s)} represents a positive gener- 
ator of TTi{LS'^) (here one takes the boimdary of K as the base point on S"^). 
Denote by : M ^ M the holonomy of v along a{s). Clearly, {/g} is a loop of 
Hamiltonian diffeomorphisms of M. The needed inequalities follow immediately 
from the next statement. 
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Lemma 3. 3. A. The following inequalities hold: 

length_,_{/s} < maxL 

and 

length{/s} < max|L|. 

Proof: Let X, Y be the horizontal lifts of the vector fields ^ and respec- 
tively. Let X*,F* be the flows of X and Y respectively. Set ht^s = Y*X^ 
{warning: such a map is defined on a domain which depends on t and s). 
Note that 

{s, 1, r (z)) = Y'X^O, 0, z) = hi,,iO, 0, z). 
Our goal is to calculate the vector field 

dhi 



ds 



{0,0, z). 



Note that 



and therefore 



dht^s _ ^ dht.s _ t 



Notice that [X, Y] is a vertical vector field which equals to the Hamiltonian 
field sgradZ/, thus 

-^=sgrad(Loy 
Taking into account that 

we get that 

u = — + sgrad / LoY ^dt , 
and therefore the Hamiltonian function generating the path {/«} is given by 



F{s,z)^ f 
Jo 



L(s,l-t,Y-*{s,l,z))dt . 



Clearly. maxJ^ < maxL and maxli*"] < max|L|. This completes the proof of 
the lemma, and hence of the proposition 3.I.B. □ 
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4. Estimating Ai on Kahler manifolds 



In this section we prove Tlieorem I.2.B. Below a denotes the positive gener- 
ator of /f^(CP^, Z). We start with two auxiliary results. 

4-1 Bourguignon-Li-Yau estimate [B-L-Y] 

Let (M, n, J, g) be a closed Kahler manifold of complex dimension n, and 
let : M ^ CP^ be a holomorphic embedding. Then 

^ - ([f]]",[M]) 



4-2 Demailly's theorem [De, 8.5, p. 58] 

Let (M, J) be a complex manifold of complex dimension n with the canonical 
bundle K. There exists a constant a{n) which depends only on n such that for 
every ample line bundle L ^ M, the bundle 

a{n){K + {n + 2)L) 

is very ample. In particular M admits a holomorphic embedding ^ to a projec- 
tive space with 

(j)*a = a{n){-ci{TM) + (n + 2)ci(L)). 
4.3 Proof of Theorem 1.2.B: 

Let J be a compatible complex structure on (M, VL). Since is an integral 
class, there exists a Hermitian holomorphic line bundle L —>■ M whose Chern 
form equals to fl. The Kodaira embedding theorem [Gr-Ha] implies that L is 
ample. Using 4.2 we get a holomorphic projective embedding </) of M with 

(/>*a = a{n){-ci{TM) + {n + 2)[n]). 

The required inequality 1.2.B follows now from 4.1. □ 
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